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A bstract : An e w v ersion o f the P o w er-S eries Al g ori t hm is dev el op ed to compute t h e steady-
sta te d istrib ution of a ri c h cl ass of Ma rk o vi an que uei ng net w orks. The ar ri v al pro cess is a Mul ti-
queu e M ark o vi a n Arri v al Pro cess, whi c hi sa m ulti -queu e gen era l i zat io n o f the BM AP. I t i ncl udes
P o i sson, fo rk and r oun d-robin arriv a ls . A t eac h queue the servic e pro ce ss i s a Mark o vian Ser-
vi ce Pro ces s, w hi c h in clu des se quence s of phase-t yp e di st ri buti o n s, set-up t i mes and m u lti -serv er
queu es. The ro ut i n gi sM ark o vi a n. The resul t i ng qu euei ng net w ork mo del is extremely gen-
eral, whi c h ma k es the P o w er-Se r ie s A lg o ri t h m a use f u l to ol to st ud y load-bal a n ci ng, capaci t y-
assignmen t and se quenc ing p r obl ems.
1 In tr o duct ion
Net w orks o f qu eues wi t ho ut pr o d uct-for m sol ution are usual ly d i￿cu lt to anal yze, b ot ha na -
ly t i call y and n umeri call y .F o rM ark o vi an net w orks , the steady-stat e d istribu t i on is determi ned
b yt h e set o f bal a n ce equat i ons, but b ecause of the si ze o f the m ul ti- dimen sional stat e space
an yn ume r i cal metho d t os o lv e the se equ a ti o n s i s i nevi ta b ly memo ry a n d ti me c o ns u ming. The
P o w er-Seri es Al go ri t hm ( PSA)a i ms to b e an e￿ci en tw a yt os o lv e the b a l ance equat i ons. The
adv an tag e of the PSA o v er other metho d s i s that t ec h niqu es l ik eP ad ￿ e- a p pro xi ma ti on can b e
used to extr ap o la t e the p o w er se r i es, and that t h e b eha viour of the p o w er -s er i es can b e studi ed
to a ssess the credi bi li t y of the resu lts.
Net w or ks of qu eues wil l b e consi dered wi t hu n b ound ed queue si zes. Cust omers a rri v e accord-
i ngt o aMul t i -qu eue Ma rk o vi an Arriv a l Pro cess ( MMAP ), w hi c hi sa m ul t i -qu eue general ization
of t h e Batc hM a rk o vi an Arriv al Pro cess (BMAP )i n tr o d uced b y Luc a n toni [ ?]. O n top of t h e abi l-
i t yo ft he BM AP to mo de l de p end enci es b et w een i n tera rri v al ti mes a n d bat c hs iz es , the MMAP
can a l so mo del al l kin ds of de p en denci es b et w ee n arriv a l s at the di ￿ eren t qu eues, li k e fork and
round-robi n arr iv a ls . A te a c h queue t he service pro cess is a Ma rk o vi an Servi ce Pro cess (MS P).
￿
The i n vestig atio ns w ere su pp o rt e d i n pa rt b y th e Netherl and s F oun dati on for Mathemati cs S MC with ￿nan ci al
ai d from the Netherl and s O rg ani zati on for the Adv an cemen t of Sci en ti ￿c Resea rc h (NW O).2
Thi s i ncl ude s for exampl e set-up times, sequ ence s of p hase-t yp e di s tri butions and m u lti -serv er
q u e ues. The ro ut i n go fc u s t omers i s Ma rk o vi an, whi c h i ncl ud es a l a rge v ariet yo fn e t w o rk struc-
tures (li k e the cl ass o fJ a c kson n et w o rks, a sma ll s ubc la s s o f the net w orks consid ered he r e) . The
extreme g e nerali t y of the n et w or ks con ta i ned i n thi s gen era lf r amew o rk mak e s the anal y si s b el o w
a useful to ol to study l oa d- balanci ng, capaci t y-assignmen t and sequenc ing p r obl ems.
T he ba si c id ea of the PS A is li k e a homo top y: the tra n sition rat es of the o ri gin a ln e t w or k
are t ransfor me d with a par ameter ￿ ,s uc h tha t for ￿ =1 t he t ransform e d net w ork is the origi nal
net w orka nd t he asymptot i c net w ork for ￿ in a n ei g h b ourho o d of ￿ = 0 is easy to anal yze. Then
the informa ti on from the pro b lem near ￿ = 0 can b e used to so lv e the probl em at ￿ =1 . The basic
i dea of the PSA st ems f rom Ke a n e (see [?] ). I t has b e en app li ed to que uei ng mo del s with queues
in pa ral lel [?, ?] , the shor test-que ue mo d el [? ], v arious p ol li ng mo de ls [ ?, ?] , and the BM AP/PH/1
queu e [ ?] .F o ra no v erview, see [? ]. F or al l these mo del s onl y t he arriv a l pro cess need ed t ob e
t r a n s f o rmed and the tra ns f ormat i on par ameter ￿ coul d b e i n terpreted as the l oad o f the system.
Unfort u nat el y , thi s p r o c edure i s onl y p ossib le for feed fo rw a rd ne t w o rks. F or non-feed fo rw a rd
net w orks, set s of equations w o ul d ha v et o b es o lv ed wi t has i z et h a t rapid ly i ncreases with eac h
step o f t h ea l g ori t hm. K o o le [ ? ] suggest st o prev en t thi s b y treating t h e qu eues a symmetric a lly .
The a p pro ac ht ha t wi l l b e used in the presen t p a per ,i st o transfo rm the rout in g pr o c ess also. In
b o th app r oac hes, the para meter ￿ no l o ng er has a cl ea ri n terpretat i on. Thi s coul d b e o v er co me
b y u singm o re t ha n one t ransfor mation para meter. F or e xa mpl e, a par ameter ￿ coul d b e used to
tr ansform the arr iv a l pro cess, and a par ameter ￿ fo rt he r outi ng p r o c ess. Ho w ev er , usi ng sev eral
param e t ers l eads t op o w er - series exp a ns i ons in m ore than one v ariabl e. Thi s impl i es t ha tm o re
co e￿ci en ts nee d to b e cal cul at ed a n d that m ul ti-d imen s i onal P ad ￿ e-app ro xi m an ts ar er e qui r ed .
F or t hi s reason, o n ly a si ngle para meter ￿ wi ll b e use d here.
In se ct io n 2 , t h e net w ork mo de l i s i n t ro du ced. I n sec t io n 3 , t he algor i thm to calc ulate the
steady-sta te di stribu t i on and momen ts is d escrib ed. In section 4, t w o exampl es are giv en. The
￿rst consi ders t he o pt im a lo rde r of qu eues in seri es. The second sho ws that for cyc li c o pe n
net w orks with symmetr i c arriv a l s and equal loads the exp ected tot al n um be r o f c ust omers is
mainl y d et er mi ned b y the sum of the se co n d momen ts o f the service -t i me d istribu t i ons.
2 The N et w o rk M o del
The n um be r o f queue s i s S . U nle ss i ndi cat e d otherwise , the f ol lo win g nota ti o n i s used . V ector s
are col umn v ecto rs a n d wri t ten i n b old face. The v ector e is a v ector of ones, 0 a nd e
0
a r ev ector s
of zeros, e
s




.F or an yv ector n, de ￿ne
jnj = e
T
n. Matr i ces are written i n capi ta l s. The ma trix O i sam a trix of ze r os and I
‘
a uni t
mat ri x of si ze ‘. The op erato r ￿ d enotes the Kronec k er p r o d uct of t w o matr ic es ;t h e op era tor ￿
the Hadamar d( o r el emen t-wi se) pro duct of t w om a tri ces of equal size .
In t he ex a mpl es descri b ed b el o w, a phase-t yp e di str i buti o n has g e nerat or T , as i ni t ia l d is t ri bu-3
tion the ro wv ec t or ￿ and T
0
= ￿T e (confor m Neu t s[ ? ], bu t wi t ho ut probabi li t ym a ss at ze r o).
The cla ss of ph a se -t yp e d istrib ut i ons in clu des t h e Erl a n g and h y per e xp onen ti a l d istrib utions a s
w ell as ￿ni te mi xt ur es o f the s e.
2 . 1 Mult i-q ueue Ma r k o vi an Arriv a l Pro c ess
The arriv al p ro cess i s a M u lti- queue M ark o vi a n Arriv a l Pro cess. It has an u nderl yin g irreduc ib le
Ma rk o v pro cess with J
0
stat es. I n t h is und erlyi ng p r o c ess, a tra n siti o n j ! h i s made with rat e
￿
jh
( 1 ￿ j ; h ￿ J
0
< 1 ) . T h e set of p o ssi bl e b a tc ha rri v als is f b
m
j0 ￿ m ￿ M g ,w i t hb
0
= 0




n f 0 g for 1 ￿ m ￿ M ￿1 .A t r ansi tion j ! h in t h e un derlyi ng p r o c ess causes an
arr iv al of bat c h b
m





































) ;t ￿ 0 g on stat e space I N
S
￿f 1 ;:: :;J
0
g is id e n ti ca l to the
BMAP if S = 1 and b
m




















































Lu can t oni [ ?] l ists a n um b e r of sp eci al cases of t he BM AP,l i k e the P o i sso np r o c ess, Ma rk o v-
mo dul at ed P oisson pro cesses, PH -ren ew a lp r o c esses and pro ce s se s with corr e lated bat c h arr iv al s.
If eac h que ue has a n ind ep e nden t BMA P,t h is can b e mo del le d a saMM AP. Other sp ec ial c a ses
of MM APs are:
1) P o i sson arr iv al s: ind ep e nden tP oisson arr iv a l s with r ate ￿
s
at queue s:



















; for 1 ￿ m ￿ M:
2 ) Roun d-robi n arriv a ls : a n a rri v al at queue s is fo llo w ed b y an arriv a l at que ue s + 1 wi th the
in terar ri v al time e xp onen ti a l l y di st ri buted wi th ra te ￿
s
:


















; for 1 ￿ m ￿ M:
3 )F or k a rri v als: si m u ltaneous arr iv al s at e a c h queue with p hase-t yp e i n t er arriv al ti mes:












2.2 Mark o vian Se rvi ce Pro cess
The servi ce pro cesse s at a l l qu eues are in dep ende n tM a rk o vi an Servi ce Pro cesses. A M SP has an
un derlyi ng M ark o v pro cess wi t h J st ates, a nd t he t ransi t io n r ates ar ea l l o w ed t o dep end on the
n um b e r of customers n a tt ha t qu eue. A t ransi t io n j ! h i s made with ra te ￿
jh
( n ) and suc ha
tr ansi tion causes a servic e comple t io n o f ‘ cu s tomers w i th probabil i t y r
‘j h
( n )( 1 ￿j; h ￿ J< 1
; 0 ￿ ‘ ￿ n ￿ 1 ).
B (n) = f￿
jh
( n ) g ;
￿
















( n ) = B ( n ) ￿ R
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(n) = B (n):
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￿






























I n t h i s p a p e r , an um be r o fa ssumpti ons i s made ab o ut t hi s s er vi ce pro cess. F i rst , it i s assumed
that all non- empt ys t ates are t ransi en t ,s o f r om an y ini tial stat e the e mpt ys t ates wi ll e v en tual ly
b e reac hed . F ur the r more, i t i s assumed t ha tw he n t he MSP reac hes the empt y stat es , it returns
to s tate j wi th probabi li t y ￿
j









( 0) = O; for ‘ ￿ 0:
F or a queue thi s imp li es that at t h e en d of eac h b usy p erio d the MSP returns to st ate j with
probabi li t y ￿
j
, where i t remain s un ti l t he ne xt a rri v al at t h e que ue. F i nal ly , it i s assumed that
customers a re not se r v ed in bat c h es:
B
‘
( n)=O; for ‘ ￿ 2:
Thi s as su mpt i on i s not essen tial , bu t i s made b ecause o therwi se a mor e compli cated routin g
pro cess ne eds t o b e d e￿ne d a n d not ation w o u l db em o re i n v ol v e d. In the exampl es of MSP s l isted




a re the uni t v e cto rs of siz e 2.
1)I n d e p ende n t p hase-t yp e servi ce-ti m ed i s t ri buti o ns :
B
0
( n ) ￿
￿









2) As 1 ), but wi th se t -u p: a fter eac h i dl e p eri o d t he ￿r s t servic e ti me h a s i niti a ld i s tri bution
￿
1





( n ) ￿
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) can b e mo del ed b y a si ngle












































);‘ ￿ 1 g .
Bec a u se the n um b e ro fp h a s es J of the MSP i s ￿ni te, suc h se quence s m ust , after a n um ber o f
set-up d istrib utions, st art rep eating i t se lf, eithe r i n a determi nisti c or i n a probabi li st i c sen se.
Bec a us e t he MSP start s anew at the b e g i nn ing of e a c h b usy p eri o d, also mixtures of sequ ences
are p ossib le. Thi s c o u ld b e used t o mo del fo r exampl e a situation where at t he b egi nni ng o f eac h
bus y per iod , e it h er a fast or a slo w serv er i s c hosen . O t he r exampl es of MS Psa re m u lti -serv er
queu es:





B (n)= ￿ ￿ mi nfc; ng; for n ￿ 1;
B
1
(n)= ￿ mi nfc ;n g ; for n ￿ 1;
￿ = 1 :
4) c id en tical phase-t yp e serv er s:
B
0
( n ) ￿
￿






￿ T ￿ I
c￿ s
; for 1 ￿ n ￿ c;
B
0
( n ) ￿
￿






￿ T ￿ I
c ￿ s
; for c< n ;
B
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￿ ￿) ] ￿ I
c￿n













; for c< n ;





i s a un it-mat ri x wi th s iz e ‘
s
f or 0 ￿ s ￿ c , wh ere ‘ i s the n um b er of phases o f
t h e ph a se- t yp e di str i buti on. The t ransi t i ons are d e￿ne d suc h tha t i f there ar en o w a i tin g
custo mer si n t h e queu e (n ￿ c ), the n the ￿ r st n serv er sa re a ct iv e and the ot he r c ￿ n serv er s
a re id le; when serv er s compl etes servi ce, the n the c ust omers at serv ers s +1 ;::: ;n mo v et o
serv er s s ;: ::;n ￿ 1 ,c o n ti n ui ng servi ce in the sam ep h a se . Serv er n b ecomes i dl e, wi t h the
service ph a se di str i buted accordi ng to ￿. Thi s w a y ,n o v a ri a b le s ne ed t o b e added to k eep
t rac ko f w hi c h serv ers are a cti v e , and when a n ew cu st omer arriv es, s er vi ce can b e sta rted
w i thout c hangin g the st ate of the MS P. With non-i den tical serv ers t h is i s not p ossi bl e.6
2.3 Mark o vian R ou t ing Pro c ess
The routin g i s Ma rk o vi an: a fter servi ce compl etion at queu e s the c ust omer join s queue t with
probabi li t y ￿
st
and lea v es the ne t w o rk wi t h probabil i t y ￿
s0
(1 ￿ s; t ￿ S ).






g; X e + ￿
0
= e:
2.4 Mark o vian N et w ork P r o cess





0g o ns t ate space
￿=
n










fo r0 ￿ s ￿ S
o
:
T h es t ate (n ; j ) 2 ￿ d enotes that there a re n
s
customers at queu e s , the ar ri v al pro cess is in stat e
j
0
and the serv i ce pro ce s s at queu e s i s in sta te j
s
(1 ￿ s ￿ S ). T oi n tr o d uce ma tri x nota ti on,









n 2 I N
S
;1 ￿ i ￿ I
o
;
w h e r e I = J
0
￿ ::: ￿ J
S
. T h i s c a n b e d o n e’ l exi cog raphi cal ly’ with t he ma pp in g

















￿ ::: ￿ J
S


















; for 0 ￿ s ￿ S;




); t ￿ 0g on stat es pa ce
￿
￿ . I f t h e ne t w or k









) = (n;i ) g
exi st for all (n;i ) 2
￿




)a n d uni quel y determi ned
b y the b a l ance a n d norma l i zat i on equ a ti o ns .F or an ym a tri x A, l et doubl e b r ac k ets denote the








￿ A ￿ I
J
s+1
￿ :: :￿ J
S
; fo r0 ￿ s ￿ S :









































































for n 2 I N
S
, with P (n)=0for n 62 I N
S
. The mat ri ces A
0




) i n the l eft-hand si de







) with the e v en t that a cu st omer joins the same que ue aga i n, whi c h d o es not c hange
the que ue l engths. The ￿rst e xpression i n the r ig h t - hand si de corresp ond s t oa na r r iv a l and the
second wi t h a se r vi ce compl etion fo llo w ed b y ei ther a dep a rture fr om t he ne t w o rk ( t =0 )o ra
tr ansi tion to anot h er queue (t 6=0 ;s ) .
3 The P o w e r -Se ri e sA l g ori thm
The ar ri v al and routin g pro ce s s of the ne t w o rk described a b o v ew i l lb et ransfor med wi th a tr ans-
for mation para me t er ￿ in [0 ,1] ,i ns u c haw a y that for ￿ =1 t he t ransfor med n et w o rk pro cess is
equal to the ori g i nal net w ork pro ce s s. T hi s w i l l b e done is su c haw a yt hat the st ea dy -s t ate prob-
abi li ties as fun ct io n o f ￿ a re analytic at ￿ = 0 and the co e￿ci en ts of t h e steady-stat e probabi li ties





j de not e the n um b e r of c ust omers in batc h b
m
,f o r1 ￿m ￿ M . Re place the










; f or 1 ￿ m ￿ M;
Q
0























The pro b a b ili t y of an arriv a lo f rcu st omers i s m ulti pl ied b y ￿
r
, and t h e remaini ng p r obabi l it y mas s






(￿ ) = ee
T
f o r ￿ 2 [0; 1 ] and Q
m
(1 ) = Q
m




de not et h e di ag onal mat ri x with the sa me di a gonal a st he ro ut i ng mat ri x X , and X
o




= X .I n t he transfo rmed n et w o rk pro ce s s, the routin g
probabi li ties X and ￿
0
a re r ep la ce d b y








+( 1 ￿￿ ) ( I ￿ X
d
) e :
The probabi li t yt og o fro m que ue s to queue t ,w i t h t 6 = s ,i sm ulti pl ied b y ￿ , and the remai nin g
probabi li t y mass i s a d ded to the p r obabi l it y to lea v et h e net w ork, so X ( ￿ ) e + ￿
0
(￿ )= efor




. F o r small er ￿ ,t h e customers o na v era ge vi si t l ess queu es,
b ecause aft er eac h servi ce compl et i on they l ea v e the net w ork with hi gher probabil i t y .F or ￿ =0 ,
c ustomers o nl y v i si t a si ngl e sta ti o n, p o s si bl y sev eral ti mes.















where ￿ i st h e stea d y-st ate di str ib ut i o no ft he M a rk o v pro cess und erlyi ng the MMAP , whi c h can




)￿ = 0; e
T
￿ = 1. The a rri v al ra tes b oth from outside the net w ork and






























￿ ( ￿ ) :
T h i s p o w er seri es con v erg es a n d si nce i t has o n ly non- negat iv e co e￿ci en ts, ￿ (￿ ) i s i ncreasin g in
￿ : for larger ￿ there a re mo re a rri v als a n d customers l ea v e the net w ork l ess oft en . The se r vi ce
pro cess at e a c h que ue do es not dep end on ￿ . F r om t h i si t i se a s i l y se en that i f the origi nal
net w ork i s st abl e, the t ransfor me d net w ork i s a ls o s t abl e for all ￿ in [ 0 ,1] ,a n d the steady-stat e
probabi li ties are, up to a consta n t, uni quel y determi ned b y the balance equations. These c a nb e













































































































for n 2 I N
S
. Clearl y , the stea d y-st ate pro ba bi lit i es are functi o ns o f ￿ . Because ar ri v a l so fb a tc hes
of siz e r ha v e a rate that is O (￿
r








; for ￿ # 0 ; n 2 I N
S
: (2)
Not i ce that , for ￿ =0 , o nl y t h e empt y stat es ha v e non-zero p r obabi l it y , b ecause the r ea r e dep a r-
tures fro m the ne t w o rk bu t n o arriv a l s. I n a fut u re pap er sev eral stat em en t sa b o ut con v ergence
and anal yt ic it y i n the presen t p a per w ill b e p r o v e d for a m uc hw i de r c lass of M ark o vp r o c esses,
amo ng o thers that the steady-stat e probabi li t ie s a re a na l ytic functi o ns o f ￿ , in a nei gh b ourho o d











( n ) ; for n 2 I N
s
: (3)
The t ransfor med net w ork p r o c ess i s suc h that the co e￿ci en tv ecto rs U
r
(n )o f t he s ep o w er-series
expansi ons c a nb e c a l cul at e d rec ursiv el y b yt he PSA. This wil l b e sh o wn ￿rst fo rt he em pt ys t ates,
and the n for the non-empt y sta tes.
T h e pro cess und erlyi ng t he M MAP is not in￿ uenc ed b yt h e queue -le ngt h and the se r vi ce
pro cesse s .S u m m i ng the steady-sta te probabi li tie s of the ne t w o rk o v er al l p o ssi bl e queu e le ngt hs9
and st ates of the se r vi ce pro cesses m ust therefore ren der the st ea d y-st ate d istribu t i o no ft h e














where e is a v ector of one s wi t hs i z eJ
1
￿ ::: ￿ J
S
.W he n t he ne t w or k i s emp t y ,t he stat es of the















( 0 ) ￿ ￿ ;
where ￿ = ￿
1
￿ ::: ￿ ￿
S
























I n s ert i ng the p o w er-serie s exp a nsi ons ( ??) and equatin g the co e￿ci en ts of c o rresp o nd in g p o w er s
























￿ ￿; fo r r ￿ 1:
(4)




( 0 )=1 ,s of o r￿ = 0 all p r obabi l it ym a ss i s at t h e empt ys t ates.
Insertin g the p o w er-series expansi ons ( ??) in t o the balance e quat i ons (??) and equatin g
the c oe ￿cie n t s of corresp ond ing p o w ers of ￿ on ei ther si de of the e quali t y si gn, sho ws t ha t the
co e￿ci en ts of the p o w er-seri es e xpa n sions o f the non-e m pt y stat es s a ti sfy the fol lo wing rec urrence












































































































for n 2 I N
S

































is in v ert ib le f o r all n 2 I N
S




n) in the ri g h t-hand si de ei ther ha v e~ r< r
or ha v e~ r = r and j ~ nj > j n j . A ll c o e￿ci en t s U
~ r
(~ n )w i t h j ~ n j> ~ r are z ero b ecause o f the o rde r10
prop e r t y( ??) .T og et h er, t h is i mpl ies that t h e co e￿ci en ts o f the expansi o ns of the steady-stat e
probabi li ties up to the R-th p o w er of ￿ can b e ca l cu lated recu rs iv el y , for in creasing v alue s of r
and, for eac h ￿xed r, for decreasi ng v al ues of jnj, start i ng with j n j = r :
P o w er - Ser ie s A l gor i thm
Cal cul a te U
0;0
fr om (?? )
for r =1 ;:: :;R do
fo r N = r ;:::; 1d o
fo ra l ln 2 I N
S
with j n j = N do
C a lc ul a te U
r
(n) fro m (?? )
C al cul at e U
r
( 0 ) from ( ??)
Usuall y one is not so m uc hi n t er es t ed i n the st ea d y-st ate p r obabi l itie s, b ut mor e i n momen t so f





























f ( n ;i ) U
ri
( n ) ;
f o r f un c t ions f :
￿
￿ ! I R. Example s a re
f ( n ;i )= j n j , the e x p ected t otal n um b er of custo mers i n the net w ork,
f ( n ; i) = n
t
s
, the t -th mom e n t of the q u eue len g th at queu e s,




, the c r oss-pro du ct o f the queue le ngt hs a t que ues s a nd t .
T he s t o rage requi remen t so f the al go ri t h m can b e substa n ti all y reduc ed i f t h e maximal bat c h









n) with ~ r< r ￿ ￿ r are then no longer ne eded t o cal cul at ed the remain ing c o e￿cie n t s.
T h e MS P a t que ue s dep end s only o n the qu eue l en g th at que ue s . The stat e dep end ence
coul d b e ma d e more gen era l , not o nl y f o rt h e servi ce pro cesses but al so fo rt h e arriv a la n d routin g
pro cesse s . The st ate dep enden ce o ft h e se r vi ce and r outi ng pro ce ss es m ust b e su c h that, for ￿ =0 ,
all non-emp t y sta tes of the t ransfor med net w ork p r o c ess a re tra n sien t, so ev en t ua lly t h e empt y
sta tes are reac hed. Then the se r vi ce p r o c esses m u st b e sto ppe d a n d the di str i buti on ￿ o v er
the servi ce-ph a ses m ust b e kno wn ( bu t ￿ n eed not b e the K r one c k er pro du ct ￿
1
￿ ::: ￿ ￿
S
).
The Mark o v pro cess underl yi ng t he MM AP m ust b e st ate i nde p en den tt o c a l cul at e ￿ , but the
probabi li t y mat ri ces Q
m
ca nb es t ate dep e nden t. Thi s w a y ,t he co e ￿cie n t s of the empt y stat es
can st i l l b e cal cul at ed from (?? ) and the co e￿ci en ts of t he no n -empt y sta tes can b e calc ul a ted
fro m( ?? ) i f the p a rameters a re r e place d b y the stat e dep ende n tp a rameters.
Supp os e that b y the algor i thm d escrib ed ab o v e, for ei ther p r obabi l iti es or momen t s, the
co e￿ci en ts fv
r
; 0 ￿ r ￿ Rg ar e obt ai ned . T oc o mpu t et h ese ￿rst R co e￿ci en ts the n um be r o f
co e￿ci en ts of t h e sta te p ro ba bi l iti es that n eed to b e calc ul a ted is
#
￿
(r ; n ;i ) 2 I N ￿
￿








Bec a u se t hi s n um be r g ro w s fast in R ,i tw ill b e o b vious that it i s w ort h whi l e to obtain a sm uc h
i nfo rmation fro mt h e co e￿ci en ts fv
r
; 0 ￿ r ￿ Rg a s p ossi bl e. That i s wh y tec hni ques t om a k e
seri es con v er g eo r con v erge fast er form an essen ti a l part o f the PS A. The ep sil on algorithm and
bi l ine a r mappi ng wil l sh o rtly b e di scussed . F o ram o re thoro ug h disc ussion, see [ ?]. D e ￿ne the
















Si nce for ￿ =1t he t ransfor me d net w ork is equal t o the origi nal ne t w ork, one is i n t er es ted in
V ( 1). The radiu s of con v ergenc e of V (￿ )i s a lw a ys st ri ctly p osi t iv e but c a nb ea rbi tra ri ly small ,
so V (1) ne ed not co n v erge. O ne w a yt o obta i n con v ergence i s b yt h e epsi lon al g orithm, wh ic h
i sa n e ￿cie n t and stabl e w a yt o cal cul at eP ad ￿ e-app r o ximan ts. P a d ￿ e-appro xi man t s rep lace the
part i al sum V
R
(￿ )b y a quot ie n to fp a rtial sums V
1
S
(￿ ) and V
2
R￿ S
(￿ ) ,i ns u c ha w a y that they


















+ O ( ￿
R +1
) ; fo r ￿ # 0:
Thi s w a y , sin g u lariti es o f V ( ￿ ) can b e inc lud ed i n t h e denomi nat or. T h e epsi lon algorithm usual ly
i mpro v es the sp eed o fc o n v ergence consid era bl y , as can b e see n fro mt he example s in section 4 .
Anot he r w a y to reme dy sin g u lari t i e si sb y usi ng the bi l in ea rc o nf ormal mapp ing
￿ ( ￿ ) =
( 1 + G )￿
1 + G ￿
; ￿ ( ￿ ) =
￿
1 + G (1 ￿ ￿ )
; for G ￿ 0:












, thi s mappi ng can b e used t om ap
all si ngul a ri t ie s o utsi de the uni t di sk, to ma k e the p o w er -s er i es e xpansions con v erge at ￿ = ￿ =1 .
If V (￿ ) is anal yt ic a t ￿ =0 , the p o w er-seri es expansi on i n ￿ is








































; fo r r ￿ 1 :
In st ead o f cal cul at i ng the co e ￿cie n t s of the exp a n sion i n ￿ fro m the expansi o ni n￿ , they can al so
b e cal cul at e d d irectl y . An adv an t age o fd i r e ct cal cul a ti o n i s that the seque nce f v
r
;r ￿ 0 g g ro w s
fast er in r t ha n the sequen ce f w
r
;r ￿ 0 g , so cal cul at io n o f f w
r
;r ￿ 0 g wil l normall y b e mo re
sta b le. Be cause the mappi ng i s confo rmal a nd m a ps 0 o n to 0 , the steady-stat e pro ba b il iti es as a12
func t i ono f ￿ also sa ti sfy the o rde r prop ert y . Mor eo v er, t he P
￿
( n ) a r e a na l ytic i n ￿ , so they can










( n ) ; for n 2 I N
S
:
A s bef ore, the co e￿ci en ts o f the empt y stat es W
r
( 0 ) ;r ￿ 0 , satisfy ( ??). Be cause t he m a p pin g
i s a quotie n t of ￿ni te p ol ynomial s, the co e ￿ c ien ts can stil l b e c a l cul at ed b y a l i near r e cursiv e




i s ￿ nite. Rep laci ng ￿ b y ￿ (￿ ) in the balance equ a ti o ns ( ? ? ),
m ulti pl yin g b oth side s b y[ 1+G ( 1￿￿ )]
￿ r
,a n d e quat i ng c o e￿cie n t s of corresp ond ing p o w ers o f
￿ rend ers the n ew recu r si v e e quat i ons for the non-empt y sta tes. The m app in g w as n o t u sed in
the exam pl es in s ec t io n 4 , b ecause t he p o w er seri es w ere regular e nough to obtain con v ergence
b y means of onl y t h e ep s ilo n algor i thm.
4 Exa m ple s
The exam p le s in secti o ns 4 . 1 and 4. 2c o n side r t h e opti m al order of que ues i n series a n d the
dep end ence o nh i g he r m o men ts of t h e servic e-time d istrib utions of the tot al n um b er of custom er s
i n cycl i c net w orks.
4.1 Opti m al O r de r
- j - j -
An imp or tan t desi gn p r obl em i n queu ein g t h eor yi s h o w ,f or a g iv en a rri v al pro cess a n d servi ce-
time d istribu t i ons, the qu eues shoul d b e o rd ered i n serie s , suc h that the mean so j ourn ti me o f
customers i s min imi zed, or equi v ale n t ly t h e mea n queue l ength. Exa c t analysi s is i n general
v ery di ￿ cu lt ,e v en for 2 qu eues. Whi tt [?] prop oses a heuri st i c based on the app r o ximation
of the dep a rture pro cess o f eac h qu eue b y a renew a l pro cess, c hara ct er i zed b yt he ￿r s tt w o
mom en t so ft he r e new a li n terv al . G ree n b erg a nd W o l￿ [ ? ] pro po s e d a h euristi c based on li gh t
tr a￿c b eha vi o ur a nd g a v e some exampl es whe r e b oth he uristi cs di d n o t giv et h e same soluti on.
They w a rn ed that extreme cauti o nm ust b e used i n appl yin g app r o ximations to d ev elop d esign
pro ced ures and sta ted t ha t a heuri st i c based onl y on mean and squared c o e￿cie n to fv ariation
cannot b e e xp ected t ow ork w el l. Ho w ev er, t h ey di d not i nd icate ho wl a r ge the d i￿erence in
p erf ormance of b o th su g gested sol utions w oul d b e .
C onsi der t h e fol lo w i ng mo d el. Ac co rd ing t oa P oi sso n pro cess with r ate ￿, c ust omers arriv e
to obt ai n s er vi ce fro mt w o serv er s. Both serv ers h a v e an Erlang(2 )s e r vi ce-ti me d istribu t i on, one
with mean 1 and the other wi t h mean 4 . Shoul d the customers ￿rst visi t the f ast or the s lo w
serv er and do es the optimal or d er dep end on the arr iv al rat e ￿ ? Accordi ng to Whi t t the optimal
order i s to vi sit the fa st s er v er ￿rst ;G reen b erg and W o l ￿ suggest that ,i n l i g h tt ra￿c, the slo w er
serv er shoul d b e visi ted ￿rst . In the t abl e b el o w, t h e exp ected to tal n um be r o f custom er si s
sho w n for b oth orders and di ￿ eren t loads. Th e i nd icated l o ad i s the l oa do ft h e sl o w er serv e r and





￿ = 0: 1 ￿ =0 : 3 ￿ =0 : 5 ￿ =0 : 7 ￿ =0 : 9
1, 4 0 .13 37 0 .47 45 1. 009 2. 118 7. 231
4, 1 0 .13 35 0 .47 34 1. 005 2. 111 7. 218
T o visi t the sl o w er s er v er ￿rst i s b e t ter in al l cases, but cl early the di ￿ eren ce i s n eg lig ib le . N u -
m e r ica l e xp eri men ts i ndi cat e that visi ting t he sl o w er serv er ￿rst i s sti ll sl igh tly b e t ter whe n the
exp o ne n tial in terar ri v al t i mes are repl aced b yE rl ang o rh yp erexp o ne n t i al d istrib utions or when
the means o f the servic e-time distrib utions are tak en further apart ( b ut with equal co e￿ci en to f
v ari a ti o n) .
C on v ergence o f the p o w e r series w as slo w es t f or the mo d el w it h ￿ =0 : 9a nd the fast serv er
￿rst. In t he t abl e b e lo w the ori g i nal se r i es and the seri es a fter appl yin g the ep sil on a l gor i thm a re
sho w n .
R 1 5 10 20 40 60
V
R
(1 ) 0 .22 50 1 .766 3. 245 4.87 7 6. 410 6. 945
￿[V
R
(1) ] 0 .22 50 1 .766 7. 362 7.23 2 7. 231 7. 231
The ori g i nal series seems to c o n v erge monot oni cal ly ,b u t a fter appl yi ng t he e p s ilo na l gor i thm,
con v erg e nce is m uc h fast er. In general, con v er gen ce i s sl o w er i f the load of the or i gin a ln e t w or k
i s hi gher a n d the paramet er s of the mo del are mo re extreme. F or exampl e, h yp erexp o ne n t ia l
d ist ri buti o n s resul t i n sl o w er con v ergence t ha nE r l ang di st ri buti o ns .



















Consid er the fol lo win g m o d el . Cust omers arriv ea c cor d ing t oap r o c ess
that i s a mi xt ur e of i ndep ende n t i den ti ca lP o i sson a rri v al p r o c esses
and fork a rri v als. The i ndep end en tP oisson p r o c esses ha v e rate ￿
1
,





























( 1 ￿ m ￿ S ) ; q









The r outi ng i s suc h that, a fter servi ce co mp leti o n at a queue , custo me r s either lea v e the n et w or k











p t =0 ;
1 ￿ p t=s mo d S +1 ;
0 otherwise.
Dep e ndi ng o nt h e co e￿ci en to f v ar i ation, the service -t im e d is t r ib ut i ons a t the d i￿eren t queues
are ei t he r E r l ang o rh yp er-exp o ne n tial w i th bal a n ced means. I n the ta b le b el o w, the probabi li t y











= 1. Thi s w a y ,a l l queue s ha v e i de n t i cal
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0 .003 5 11.3 9 10. 97 8 .42 6 30 .78
1
2
; 1 ; 1
1
2
0 .003 5 9.14 1 9. 701 1 1.9 5 30 .79
The c o n v ergence of t he po w e r series of E fjN jg in t he second m ode l w as p o o rest:
R 1 5 10 20 40 60
V
R
( 1) 0.2 700 2.0 07 4. 326 8 .387 14. 79 19.3 7
￿ [ V
R
(1 )] 0.2 700 -0 .25 23 0 .19 51 3 2.41 30. 59 30.6 3
Again, b ot h series se em t oc o n v erge, but more co e￿ci en t sn e e dt ob ec a l cul at e d to stabi li ze than
i n secti o n4 . 1.
It can b e seen that t h e mean queu e l engt ho fe a c h queue i s i ncreasin g i n the v ariance o f the
servi ce-time di st ri buti o n of b oth the queu e i ts el f a nd the preced ing q u eue. F ro mt he la st c o l umn
i t can b e seen t ha t the exp ected tot al n um b er of custo mers i n the net w ork i s app r o xi m atel y equal
for a l l four mo dels . F or p = 1, thi s foll o ws i mmedi at e ly from the P ol laczek- Khi n tc h in e form ul a,
b ecause then a l l queu es ar e M / G/1 qu eues wi th i den tic a ll o ad a n d mean servi ce ti m e , so:























The v a ri a n ces o f the servi ce-time d istribu t i ons a re c hosen, su c h that t he ir sum is equal t o 3 for al l
four mo de ls. N umerical e xp eri men t s i ndi cat e that the pro p ert y that the m ea n tot al que ue len g th
i s mainl y d eterm in ed b yt h e sum o ft he v a ri a n ces al so hold s for mo re general mo del s, namel y for
net w orks wi th a sym me t ri c arriv al pro cess, cycl ic ro ut in g a nd eq u a l loads at the di ￿eren t queu es.
Here, symmet ri c means t ha t I and A can b e a rb itra ry , but i f b
m
i sa p o ssi bl e a rri v al, then eac h








(mor ei n tui t iv ely , that at eac h
arr iv al of a b a tc h, an arriv a lo f a n y p erm utat i o no ft hi s ba tc hw ould ha v e b een equal ly l i k e ly). A




s mo d S +1;t m od S +1
; for 1 ￿ s; t ￿ S:
If t h e arr iv a l pro ce ss i s symm et ri c and the routin g cycl ic , t h en the loads at the queue s ar e i den-
tic a li f t h e me a n servi ce t i mes ar e i den ti ca l. F or s uc h net w orks the foll o wi ng h yp ot he sis can b e
for m ul at ed :15
F o r networks of . /G/1 queues, with a symmetric arrival p r o c ess , cycli cr outing and e qu al
lo ads at a l l qu eues, the exp e cte d total numb er of c us t omers in the ne t work is mainly deter-
mine d by the s u m o f th e varia n c es of the servic e - time d is tribu tions ,a n d not s om u c h b y
their s ha p es .
Of c o ur se suc hah yp ot h esis c o u ld nev er b e pro v ed b y the P SA, but i t can b e used to ev al uat e
v ari o us ’ randoml y’ c ho sen mo del s and mo de ls that a re li k ely t o b e coun ter-exampl es.
5 Concl usi on s
A metho d w as p r op o se d t o analyz e a w i de c lass o f Mark o vian que uei ng net w orks. Bec a us e o f the
’curse of d imen sional it y’ ,t h e siz e o f the ne t w o rks m ust n ecessaril y b e mo de r ate. Net w orks of up
to 4 or 5 qu eues can b e a nal yzed i f the a lg o ri t h m i s progr ammed careful ly , metho d s to imp r o v e the
con v erg e nce o fp o w e r serie s are emp lo y e d and the par ameters of the mo del a re not to o extr e me.
With a go o d user i n terf ace to de t ermi ne t he pa rameters for a p a rtic ul a rm ode l, t h e P o w er-S eries
Al g ori t h m pro vi des a means to eas ily e v al uate ma n y di￿eren t mo del s. Th erefo re, it can b e an
aid fo r st ud ying t he i n t eracti o nb e t w e en qu eues and for t es t i ng and dev el o p ing app r o xi m ations
of p erforma n ce measures and heuri st i cs.
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